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an alternate definition added as follows:

slope of curve of section 1ift coefficient against section angle
of attack, per radian

This definition applies to the symbol a appearing in the denominstor
of equations (10a), (10b), and (11). (See pages 9 and 10.)
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TECHNICAL NOTE 37hT

EQUATIONS AND PROCEDURES FOR NUMERICALLY CAILCULATING THE
AERODYNAMTIC CHARACTERISTICS OF LIFTING ROTORS

By Alfred Gessow
SUMMARY

Equations and procedures are presented for carrying out the numerical
operetions involved in computing the aerodynemic characteristics of lifting
rotors by measns of modern high-speed automatic camputers. The character-
istics considered herein include the thrust, profile drag, totael power,
flapping, rolling and pitching moments, direction of the resultent-force
vector, end the harmonic contribution of the shear-force input to the
hub. The equations are general and can account for stall and compressi-
bility effects, hinge offset, and other factors that are normally omitted
from conventional enalytical rotor treatments.

INTRODUCTION

The problem of determining the aerodynemic characteristics of a
lifting rotor beasically consists of calculating the forces and moments
on. & rotating three-dimensionel 1ifting surface from statically measured
two-dimensionel eirfoil-sec¢tion data. Because of the large number of
degrees of freedom involved and the complications introduced by the vari-
ation in section angles of ettack and veloclties over the rotor disk, an
analytical epproach to the problem necessarily contains various assumptions
end simplifications. The largest mmber of such simplifying assumptions
is found in the original efforts of Glauert and ILock, published almost
30 years ego. Since that time, the theoxry has been progressively improved
in accuracy and convenience of application by a number of invesgtigators,
and hes been extended to meet the needs of new designs and more severe
flight conditions.

These extensions and improvements in asccuracy, however, have been
reallzed at the expense of a very large increase in the length and com-
plexity of the resulting equetions when closed~form solutions are desired.
(See ref. 1, for example.) In order to mske the application of these
equations practical, 1t is usually necessary to evaluate the equations
over a range of flight parameters and to present the results in chart
form. (For exemple, see refs. 2 to 4.) Such solutions, in spite of their
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complexity, still do not account for blede stall outside of the reversed-
veloclty region, compressibility effects, and combinetions of such design
factors as hinge offset, blade twist and taper, emnd root cutout.

Instead of trying to include such factors in the already complicated
equations by first integrating the general equations and then substituting
particuler values, it would seem more practical to account for these fac-
tors mumerically; -that is, by substituting nmmericel values into the dif-
ferential rotor equations and integrating mumerically. This procedure is
made practicable only by the development in the last few years of high-
speed automatic camputing mechines, inasmuch as the mmerical work involved
in evaluating & large number of ceses by mamal calculating methods is
prohibitive. The avaeilsebility of such computing machines to industry as
well es to research institutions, through ownership or rental, mekes the
numerical procedures eppropriate for design as well as for research
studies.

It is the purpose of this paper to present the equetions and proce=
dures necessary for mumerically computing the aerodynamic charecteristics
of 1ifting rotors. The characteristics considered herein include the
thrust, profile-drag power, total power, flapping, rolling and pitching
moments, dlrection of the resultant-force vector (necessary in stebllity
calculations), and the harmonic contribution of each blade of the rotor
to the shear-force input to the bhub.

SYMBOIS

Aq,By coefficients of =-cos ¥ and -sin ¥, respectively, in expres-
sion for O; therefore, lateral and longitudinal cyclic pitch,
respectively, deg

a speed of sound, ft/sec

a' projection of angle between rotor resultant-force vector and
shaft axis in plane containing flight path and shaft axis »
tan"l _G_H_

Crp

ag constent term in Fourier series that expresses B, radians;
hence, rotor coning angle

an coefficient of cos ny in expression for B

B tip-loss factor; blade elements outboard of radius BR are

agssumed to have profile drag but no 1ift
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muber of blades per rotor

projection of engle between rotor resultant-force vector and
shaft exis in plane perpendicular to plane containing flight

path and shaft axis, tan~1 g—Y-
T

coefficient of sin ny Iin expression for B

constent term in Fourier series that expresses MT/Ihn2

rotor longitudinal-force coefficlent, —55,—3 2 5
R p(R)
Ll
rolling-moment coefficient, —5 5
#R%p(9R)2R
pitching-moment coefficient, —-2M——
2Rop(9R) 2R

coefficient of cos ny in expression for MT/Ihﬂ2

P

rotor-shaft power coefficient, <
R p(SR)

rotor-shaft torque coefficient, 5
B2p(0R)2R

rotor thrust coefficient, -—2-5—3—-5
R p(OR)

Cp value at a given azimuth position V, expressed by series
Cp(¥) = By + By cos ¢ + Fy sin § + E, cos 2§ + F, sin 2§ +
E3 cos 3V + F3 sin 3v

shear-force coefficlent -at flapping hinge due to mess forces,
P

2 2
iR p(9R)
rotor leteral-force coefficient, —E_Y_E
7R“p(OR)

blade-section chord at radial station x, £t
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cd, o section profile-drag coefficient
BR
f cr2 dr
T
Ce equivalent blade chord (on thrust basis), +IR——’ £t
r2 ar
Te
BE
cr3 dr
ce' equivelent blade chord (on thrust-moment besis), —S—— —, £t
/ rJ ar
Te
¢, section 1ift coefficlent
cg blade chord at tip, £t
D, coefficient of sin ny in expression for Mp/Tp0°
E, constent term in series expression for Cm(¥); Ey = Cp
En coefficient of cos ny in expression for Cmp(y)
e offset of center line of flepping hinge from center line of
rotor shaft, £t
Fpy shear force at flapping hinge (perpendiculer to blede-spen
axis) due to mess forces, lb
Fp coefficient of sin ny in expression for Cm(y)
gravitational acceleration, ft/sec?
H camponent of rotor resultent force perpendicular to rotor shaft
in longitudinal plene of symmetry, 1b
I, mess moment of inertias of blade sbout f£lapping hinge,
\/\R n(r - e)2 ar, slug-ft°
e
ey,
k =
My,s

L' rotor rolling moment, 1b-ft
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H

rotor pltching moment, lb-ft
mass moment of blade ebout center line of rotor sheft, slug-fi

thrust moment of blade ebout flepping hinge, 1b-ft
weight moment of blede sbout flapping hinge,

R
f mg(r - e)ir, Jb-£t
e

Mach mumber of blede section, ufR/a

mass of blade per foot of radius, slugs/ft
mass of blade, slugs

shaft power, £t-1b/sec

helicopter rolling velocity, radiens/sec

shaft torque, lb-ft

helicopter pitching veloeity, r';ad.ians/sec

blade tip radius measured from center of rotation, ft

distance measured along blade from axis of rotation to blade
element, £t

component of rotor resultant force acting along rotor shaft, 1b

nondimensional resultant veloclty perpendicular to blede-span
axis at blade element

component at blade element of u parallel to shaft exis

component at blade element of u perpendiculer to blade-span
axlis end to shaft exis

true airspeed of helicopter along flight path, ft/sec
induced inflow velocity at rotor, ft/sec
ratio of blede-element radius to rotor-blsde radius, r/R

lateral component of rotor resultent force perpendicular to
both T and H, 1b

angle between shaft axis and plene perpendicular to flight
path, positive when axis is pointing rearwsard, deg
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blade-element angle of attack, measured from line of zero 1lift,
deg

blede flapping angle with respect to shaft et a particuler
azimith position, &g - &y cos ¥ - by 8in | - a5 cos 2¢ . . .,

radians

peg e

mess constant of blade, -
h

local velue of blade mass constant,

g

collective-pitch angle at blade root, average value of instanta-
neous blade-root pitch angle around azimuth, deg

difference between blasde-root and blade-tip pitch angles, posi-
tive when tip angle is larger, deg

blede-section pitch angle at 0.75 radius, deg

instantaneous blade-section pitch engle; angle between line of
zero lift of blede section and plane perpendicular to rotor
shaft, 08p + 63x - Aj cos ¥ - By Bin ¥, deg

inflow ratio, EE%RF'—ﬂ

V cos a

tip-speed ratio, =

mess density of air, slugs/cu £t

rotor solidity, bee/aR

local solidity, be/xR

inflow angle at blade element in plane perpendiculer to blade-
u
spen axis, ten~l ﬁ, deg
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¥ blede ezimuth angle measured from downwind position in direction
of rotation, deg ’

Q rotor engular velocity, radiens/sec

Subscripts:

[ redius of cutout; that is, radius at which lifting surface of
blade begins

a accelerating

d decelerating

o] profile

i induced

1 11£%

METHOD OF ANALYSIS

The process of mmerically determining the aerodynsmic cheracter-
istics of a rotor opereting at a particular flight condition consists of
calculeting the individual force (and moment , 1f desired) contributions
of a specific numbér of blade sections at various points on the rotor
disk, averaging the values around the disk at a particular radiasl station,
end then radially integrating these averages along the blade to obtain
the result. The equations required to evaluate the force contribution
of a blade section and the procedure for utilizing the equations are
written specifically for e hinged (i.e., free-to-cone) rotor, but can be
epplied with but little modification to seesaw rotors. The modification
of the equations to the seesaw~rotor configuration is discussed in refer-
ence 5.

Reference-Axis System

In the analysis developed herein, the flepping hinge may be offset
radially from the center line of the shaft. ZFor such a configuration,
flapping and feathering motlons are not directly equivalent and it is
therefore most convenient to reference all angles and velocities to an
axis coinciding with the center line of the rotor sheft. The rotor shaft
is therefore used as the reference axis in this paper lnstead of the no-
feathering axis which was used in references 1 to k.
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Equetions

Most of the equations listed in this section are based on, or can be
readily derived from, stemndard blede-element equations. (See refs. 1
and 6, for exsmple.) Because the equations are set up for mmericel inte-
gration, most of the aerodynamic restrictions that are normally employed
in rotor analyses are avoided. Thus, the equations can be used for bledes
of any airfoil section, mass distribution, twist, plan-form taper, root
cutout, and flapping-hinge offset and can account for the effects of heli.-
copter pitching and rolling velocitlies. Flapping-hinge configuretions
wherein blade flepping and lagging motions result in pitch-angle changes
can be simply considered by the addition of the eppropriate terms in the
equation for section angle of attack presented in this section. Stall
and compressibility effects can be accounted for to the extent of using
actual airfoll data that correspond to the range of angle of attack and
Mach mumber encountered at all points of the disk, including the reversed-
velocity region. Although no smell-angle limitations have been made
regarding the section inflow angles or the treatment of the magnitude of
the resultent velocities and the direction of the resultant-force vectors
at the blede sectlons, the analysis does incorporate small-angle assump~
tions iIn regards to the blade flepping angles. In addition, it is assumed
that the rotor blades are rigid in bending and torsion and that radial-
flow effects can be neglected. The equations can also be applied to any
known or essumed radial or azimuth veriation of induced velocity.

Input- quantities.~ The input paremeters fixing the flight condition
are A, 9.75, and . These parameters may be either assumed directly

as independent verisbles or estimated from known parameters (such as
thrust and shaft power) by mesns of published rotor-performsnce charts
(such as those of refs. 2 end 3). In eddition to the flight paremeters,
the following design and operating varisbles are assumed to be known:
01, &4, By, e(x), Ly, e, My, 9, b, R, p, D, q, and m(x), as

well as two-dimensional blade-section airfoll deta.

Equations for the calculation of section velocities, angles of attack,
and Mach number.- Equatlions that are necessary for the calculation of sec-
tion velocities, angles of atteck, and Mach number are listed as follows:

up =x + p sin ¥ (1)

up = - [(x-g)a.l—%x]sinqr+ Ex-g)bl+%x]ws¢~
(x - £)(28p sin 2§ - 2by cos 2y + 383 sin 3¢ - 3bz cos 3¢) -
n cos y(ag = &; cos ¥ - by 8in ¥ = &, cos 2§ = b, Bin 2y -
a3 cos 3y - bz sin 3¥) (2)
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'|,12=u.l,2+u]?2 (5)
= tan"L B 4
§ = ten i ()
.qr=6+¢
=0p +67%x - Ay cos § -~ By sln ¥ + ¢ (5)
= WR (6)

8

Equations for the calculation of flapping coefficients.- The flapping
coefficlents may be calculated from the following relations:

M B 1.0
T =.]é: f 7'xu2(x - &)cq cos @ dx +f
In@ Xe *e

1

7'xu2(x - §)°d.,o sin ¢ d{l

(7

Ii'sflé_=co+clcos¢+nlsinq:+cacos2¢+D25:Ln2\|r+03cos31|r+
h
D5 sin 3y (8)

a = (co - _%L) . (9)

a2 T+

Dy +L(bl +Mby) - 2 31+ “ﬂ (hs1)  (108)
1_382_(32 - _:éL_ ua)yla

bey

_ D+ [n(bl + fop) - 2&2(1 + 'qg):l

5 7e

(n>1) (10p)

bLaq
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_ ey + E](al + Aa.]_) +2 %(l + 'qg)]

by > (11)
B3
2 - gis (12)
by = :_2_ m (13)
8y = ;_i; (1)
. (15)

Equations for the calculation of performance parameters.=- The per-
formance parameters mey be determined from the following equations:

al
(&C_T.)Z = % °'xu2°7, cos @ (16)
dc 1
(ET.)O =5 O'xuacd,o sin ¢ (17)
B l =
dc
G = ;E( 7) ax (18)
T, %o n = ax /1
1.0 =
o=/ 33 (2D e (29)
T,0 Xe ng ax /o
> x
where refers to the summation of . dx-fm values computed at n azimath
=
0 o
stations. (For exemple, ¥ = 0°, 530 , 2(320 )? . o )
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Also
CT = CT’z + CT,O (20)
a8 = L ¢ u ¢ (21)
T =3 o u"xXey sin ' 21
_—Q:_dx = 5 oxuxcg o cos ¢ (22)
B _ ¥=n a¢
= 1 —9.8
Coa= LS. —%2ax (23)
=1
1.0 ac
c =f lg — ax (24)
Q,d X, n =
Cq = Cq,a - Cq,a (25)
a
72%2 oF Uxuscd,o (26)
1.0 g dacp
— 1 ,0
CP,O —"/;c E\lf""'l A ¥ (27)

Equations for the calculation of rotor forces and moments.- The fol-
lowing equations may be used to calculete certain rotor force and moment
coefficlents that may be useful in vibration and stebility analyses:

dCy 4 = %- o’xuzcz(-sin @ sin ¢ - cos @ sin B cos ¥)dx . (28)

acg o = % oxucy (cos § sin ¥ - sin § sin B cos y)ax (29)

¥=n
Ch,1 f i ch (30)
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1.0 . ¥=n dcy
cH,o=fxc %%_—L—dxodx (31)
Cg = Cg,1 + Cg,o (32)
-d'cI,i = % axuzcz(sin @ cos ¥ - cos @ sin B sin ¥)dx (33)
aCy = % o‘xuacd’o(-cos @ cos ¥ - sin @ sin B sin y)dx (34)
B _ {=n dCy
= 1 _—J—1
CY,:L _j;c n = ax dx (35)
1.0 = d_CY
= 1 —22° gx 36)
Cryo = . i g = (
Cy =Cy,; +Cy,0 (57)
a' = tan~1t EGE (38)
! T
b’ = tan™t 2_& (39)
T

B 1.0
Cp(y) = Jé"( f axuacz cos @ dx + f uxuacd’ o 8in @ d.x) (%0)
Xe Xe

After Cp(y) is evalusted at different azimuth stations, a hermonic
analysis would express Cg(¥) as a function of ¥ as follows:

Cg_:(\lr)=E0+E1cos\),r+Flsin¢+E2cos 2y + Fy 8in 2§ +

E3 cos 3¢ + F3 sin 3y (41)
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Then
Cc EF
1 1
d=nt (k2)
E
B0 )

Equations (42) and (43) represent aerodynemic rolling and pitching
moments. Blades with offset flapping hinges also produce hub moments
due to centrifugal forces as given by the following equations:

Q

1 E 1+
A%=a17§r§:t§ (45)

The oscilleting shear force at the flapping hinge (perpendicular to
the blade-span axis) is composed of thrust and mess forces. The thryst-
force contribution, expressed in hermonic form, is given by equation (41).
The nondimensional mass~force contribution, mede up of centrifugal and
inertisa forces, is represented by

bMn, s
= - - -b in - -b in -
Cy EI;—[(BO a1 cos ¥ 1 8in ¥ - a5 cos 2¢ o 8in 2§
a3 cos 3¢ - b3z sin 31:) + (1 - k)(a.]_ cos ¥ + by 8in ¥ +
ha, cos 2§ + kb, sin 2§ + 9az cos 3¢ + 9bz sin 31|r):| (46)

Inssmuch as equations (41) and (46) comtain no eserodynesmic dsmping due to
bending or bending inertia terms, they apply only to inflexible blades.

Calculation Procedure

The procedure for calculating rotor characteristics is outlined as
follows:

(1) For the given input quantities, essume or calculate an approxi-
mate set of flapping coefficients. (The charte of ref. k& mgy bhe used to
calculete these approximate coefficients if a3 and b5 are assumed. to

be equal to zero.) :
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(2) With the given input quentities and the approximate flapping
coefficients, calculate section velocities and angles of attack by means
of equations (1) to (5).

(3) Calculate section Mach mumbers by meens of equetion (6).

(4) By using the calculasted angles of atteck and Mach mumbers,
obtain the corresponding values of ¢y and 3.0 fram appropriate two-
b4

dimensional section data.

(5) Calculate MT/Ihﬂ2 by mesns of equation (7), make a harmonic
analysis of the result, end express the answer in the form of equation (8).

(6) Calculete new values of flepping coefficients by means of equa-
tions (9) to (15). (The incremental Ffirst-harmonic coefficients given by
egs. (10) and (11) should be added as correction factors to the output
values fram the preceding iteration.)

('7) Repeat steps (2) to (6) until the output values of flapping
coefficients differ negligibly from the input values.

(8) Compute B for each value of v, using the final values of
flepping coefficients.

(9) With the use of the 1lift and dreg coefficients and velocities
corresponding to the final set of flapping coefficients, calculate the
performence and stebility persmeters by means of equations (16) to (45).

It will be noted that additional performance, stebility, and loads
perameters cen be calculated with little additional effort, inasmuch as
the section velocities, angles of attack, and 1ift end drag coefficients
heve already been computed.

DISCUSSION OF METHOD

Agsumptions of Theory

Although the mumerical integration procedure eliminates many of the
restrictive assumptions snd simplifications of conventlonal rotor theory,
a number of assumptions still remein. The degree to which these suppo-
sitions can affect the validity of the resulis depends on the specific
applications of the method. Perhaps the most importent assumption, and
one which is inherent in all the theoretical rotor treatments developed
thus far, is the use of steady, two-dimensional airfoil-section cheracter-
istics in evaluating rotor forces and maments. Although such an approach
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has been proven successful in predicting rotor characteristics under
normal operating conditions, a complete evaluation of its accuracy in
conditions involving lerge smounts of stall end compressibility effects
must await further experimental checks. Limited theory-date comparisons
that have been mede thus far for extreme operating conditions, however,
do show good sgreement. The application of such theory to these condi-
tions is therefore felt to be the best step which can be taken for pre-
liminary estimates at the present time. As more experimental dsta become
availeble, camparison with these predictions will serve to show whether
or not empirical or other revised spproaches are necessary.

The essumption of blade inflexibility in bending and torsion would
normally be unimportent except in aseroelastic problems. Bending flexi-
bility should be considered, for example, in the computation of coupled
blade~-fuselage vibrations, whereas torsion flexibility would enter into
blade-fuselege clearance calculations or in stability or stress celcula~-
tions wherein a large blede-section center-of-pressure shift assoclated
with operation at high Mach numbers occurs. The neglect of radial-velocity
components elong the blade would probebly be significant only at very high
tip~speed retios whereln they might influence the profile-dreg power and
the stall pattern of the rotor.

An importent limitation inherent in the analysis, and one whose
effects can be readily evalusted, is the use of small-angle assumptions.
as applied to the rotor-blade flapping engle. The flapping enslysis
contalning these assumptions ylelds erroneous answers 1f the emplitude
of the flapping engle is in the neighborhood of 15° or ebove. For flight
conditions involving larger ampllitudes, the numerical method for calcu-~
lating blade flapping presented in reference 5, which contains no small-
angle limitations, should be used. (The two methods yield identical
answers for conditions wherein the flapping angles are below approxi-
mately l5°.) The method of reference 5 can also be used for cases in
which a knowledge of the transient blade-flepping behavior in maneuvers
is desired.

Application of Method

Aside from the assumptions just discussed, the accuracy of the
answers obtained from the method of this peper is dependent upon the
number of radial end azimuth stations around the disk used in the inte-
gral force, moment, and power equations. The problem is to determine
the point of diminishing returns at which further increeses in accuracy
obtained through the use of a greater mumber of stations are counter-
balanced by the additional time and cost required to compute the extra
stations. The answer to this problem is a variable and is dependent upon
the flight condition for which the amswer is to be calculated (i.e., the
extent of the reglons on the disk undergoing stall, campressibility, and

f e e e memm e C e e n e —— — — ——— P Ui N S
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reversed-velocity effects), the type of amswer to be calculated (for
exemple, thrust loading for bending-moment calculations, stebllity deriv-
atives, or blade flapping), and the type of sutomatic computing equipment
available for the calculations.

For exemple, because the calculation of the flepping coefficlents,
which is necessarlily sn iterative procedure, is quite lengthy, it is
important to determine the initial estimate as closely as possible and
1o require no more asccuracy than 1s necesssry for the particular appli-
cation. Thus, for cases in which the determination of the flepping coef-
ficients is not in itself the objective but is merely the means for calcu-
lating such items as rotor thrust or power, it is usually sufficiently
accurate to ignore the third, end perhaps even the second, harmonics of
flapping, end to keep the mumber of iterations at a2 minimum. Such con-
slderetions became less important, of course, when the calculations are
carried out on a modern high-speed automatic camputer. Conversely, if the
flepping motion is desired in its own right, the number of iterations
(and the number of harmonics) cen be carried out to eny desired accuracy.

In order to cobtain en idea of the effect of the mumber of stations
on the accuracy of the computations, rotor flepping coefficients (called
part I solutions) and thrust » power, and direction of the resultant-force
vectors (called part II solutions) were evalusted for a semple flight
condition by using different mumbers of radilel and azimuth stations.
Angle-of-attack and Mach number contours corresponding to the sample case
are plotted in figure 1 to illustrate the rate of change of these quen-
tities with radius and azimuth angle. As can be seen from the figure,
the flight condition chosen was rather extreme and involved large amounts
of stall and compressibility effects at a tip-speed ratio of 0.50 end a
tip speed equal to T50 feet per second. The results of the calculations
are presented in teable I.

The results shown in tsble I were obtained at thirty~-six (Ay = 10°),
eighteen (A} = 20°), and eight (Ay = 45°) azimuth stations. In the radial
direction, values were computed at x = 0.15 and et x = 1.0, with seven
gA_x = 0.1063) and three (Ax = 0.2125) uniformly spaced stations in between.
For those quantities, such as thrust and induced torque, which require
the integrations to be carried out to x = 0.97 instead of x = 1.0,
velues were also computed at x = 0.97. The value of the quantity between
x = 0.97 and x = 1.0, computed by the trepezoidal rule, was subtracted
from the total value of the quantity obteined by integrating from x = 0.15
to x = 1.0.) With the exception noted in the teble, all the part II
solutions were computed with the seme set of flapping coefficients (those
corresponding to Ax = 0.2125, Ay = 45°) in order to isolate the effect
of changes in the number of stations on the results.

It can be seen thet, even for the extreme flight condition considered,
the differences in flepping angles resulting freom the use of a different
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number of stations are small, beilng of the order of & few tenths of &
degree for the coning angle and first harmonics, and even less for the
second and third hermonics. (For these cases, the number of lterations
was such that the values listed In the teble differed from those of the
preceding iteration by less than 0.06° for &gy, a;, and b; and less

then 0.03° for a5, by, and b5.)

Table I shows that the part IT solutions are somewhat more sensitive
to the mumber of stations used than are the flapping coefficients, although
not unduly so. By using the results for the case wherein Ax = 0.1063
end Ay = 10° as a base, it can be seen that approximately doubling the
interval of radial and ezimuth stations results in an error of only 1 per-
cent or less 1n the thrust and power values. When A} is increased from
20° to 45°, the error Jumps to the order of 5 percent, which, in meny ceses
(such as those involving extensive stall and compressibility effects), is
within the order of accuracy and use of the airfoil-section data. In cer-
tain calculetions, however, such as comparative studles, the introduction
of & 5-percent error might be undesiresble and could be avoided by doubling
the nmumber of azimuth stetions. In general, it appears that greater
accuracy is achieved with & given increase in stations by increasing the
number of azimuth, rather than radial, stetions.

In order to illustrate the effect of differences in flapping coeffi-
cients on the part II solutions, the case for Ax = 0.2125 and Ay = 45°
was repeated, but with the second and third flaepping coefficients assumed
equal to zero. As can be seen in teble I, there is a slight increase
(sbout 2 percent) in thrust, and less than one~hslf of 1 percent decresse
in power.

In sumary, it appears that if accuracy is & prime consideration,
or if & very-high-speed computer (such as en IBM type TO4 electronic data
processing mechine or a Remington Rand UNIVAC) is availsble, then approx-
Imately five radial and elghteen azimuth stations should be used for most
part II solutions, whereas the part I (flapping) solutions can be deter-
mined with the same accuracy by using five radial and only eight szimuth
stations. For slower speed computers, such as the IBM Card-Programmed
Electronlec Calculator, five redial end eight azimuth stations can be used
for the part IT solutions with a considereble saving in computing time
at the expense of a small reduction in accuracy.

For & glven number of stations, the possibility exists that the
accuracy of a set of calculations can be improved by nonuniform spacing
of the radial and azimuth statlions. The possibility is greatest in
regerds to the radial spacing, perticularly when a small number of sta-
tions, such as five, is utilized. The effectiveness of a specific choice
of the mmber and spacing of radial stations is also dependent on the
manner in which the radial integrations are carried out. Simpson's rule
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was used in the sample calculetions presented in teble I and wes found
to be satisfactory for the type of thrust and power loading curves ~
encountered.

The technical procedures involved in setting up calculations of the
type presented in this paper are described in a mmber of references
(see ref. T, for exemple) and will not be discussed herein. It is con-
sidered worthwhile to point out, however, that epproximately 160 hours
and 120 hours of progremming (i.e., problem setup) time are required for
the part I and II solutions, respectively. This part of the work is done
only once, of course, and need not be repeated for each new set of input
varisbles. Approximstely 18,000 to 20,000 operetions are involved in the
part I solutions for the 48-station cese when compressible section data
are included, and epproximetely an equal mmber for the part II solutions.
The corresponding time required to run off a part I iteration or a part II
case for each new set of veriebles would vary from approximately 100 mimtes
on en IBM CPC to spproximately 20 seconds on an IBM type TO4 calculator.
The machine time required per case varies almost directly with the number
of stations used.

CONCLUDING REMARKS

A mmerical method suiteble for epplication to sutomatic computing
mechines hes been presented for calculating the aerodynamic character=-
istics of rotors for flight and design conditions that are outside the
range of conventional analyticel rotor theory. By meens of the equetions
presented, the effects of such items as stall, compressibility, flepping-
hinge offset, blede mass factor, twist, taper, and root cutout on such
rotor characteristics as flapping, thrust, power, and hub moments, as well
a8 on certain stability derivatives, can be investigated.

Langley Aeronsutical Leboratory, )
Netional Advisory Committee for Aeronautics,
Lengley Field, Va., June 6, 1956.
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TABLE I.- EFFECT OF NUMBER OF RADTAT, AND AZIMUTH STATTONS ON CAICULATED ROTOR

CHARACTERISTICS FOR A SAMPLE FLIGHT CONDITION

[u = 0.50; A = -0.091; 8g = 15%; 87 = ~8%; OR = 750 ft/sec; 7' = 1.0; & = 05 x, = 0.15]

(e) Part I solutions

&y, | &g 8, | by 82 b2 a L

&x deé d.eé d.eé d.eé deé deé O.Zé d.Zé

10 2.25 | 11.34 | 2.67 | 1.022 | 0.1l | -0.001L | 0.186

0.1063 | 20 | 2.22 | 11.32 | 2.70 | 1.017 17 | -.001 .184

45 2.1% 1 11.16 | 2.83 .938 179 .056 1k

10 | 2.18 110,911 2.63 | 1.021 | .121 .00k .188

.2125 | 20 | 2.18 | 10.96 | 2.65 | 1.017 .125 | -.001 186

45 | 2,18 | 11.21 | 2.79 .959 183 .058 153

(b) Part II solutions®

Ay & [o, ACp ]9, AﬂP ¢, a' At B! &'
b deé Co/o perc/:en-l: CPJ°/ o per::ent Cp/o peréent deé d-es’ deé 5-68’
10 10,0685 ——on 10,2151 —oce 1017611 o= 112,751 cooc 1O M7 H oo
0.1063 | 20 L0697 ). 1.8 .2130 1.0 1785 L.k |13.991 0.2k | -.32 [0.15
lus | o654 4.5 .2278 5.9 | .1842| 4.6 |1k.39| .64 [-1.08 |-.6L
10 06735 | =1.7 2169 .8 LTh5 -.9 13.69 | -.06 | -.52|-.07
o105 | 20 1 .0686 101 L2151 o 1775 8 toul .19l -361 .11
’ 45 L0660 | -3.7 .2289 6.4 .1860| 5.6 »%.40) .65 -1.16 | -.69
45 L0672 -1.7 .2158 .3 L1765 2 |1.11] .36 02| k9

2a1] part II solutions (except the last one) were calculated with flapping coefficients

corresponding to Ax = 0.2125 and Ad = 450,

values of ag,

a7, end bl, but with 8o,

b2,

The last solution Wes calculated with same
63, &nd b3 assumed equal to zero.

LylS NI VOWN
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Figure 1.- Angl of attack and Mach number
8°; QR = T50 feet

condition. p = 0.50; A = 0091 8g = 15 o, =
per second; 7' = 1.0; § = 0; = 0.15.
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